We revisit the Fermi two-atoms problem in the framework of disordered systems. In our model we consider a two-qubits system linearly coupled with a quantum massless scalar field. We analyze the energy transfer between the qubits under different experimental perspectives. In addition, we assume that the coefficients of the Klein-Gordon equation are random functions of the spatial coordinates. The disordered medium is modeled by a centered, stationary and Gaussian process. We demonstrate that the classical notion of causality emerges only in the wave zone in the presence of random fluctuations of the light cone. Possible repercussions are discussed.
Introduction.-Causality is the most essential relationship underlying any natural process. The notion of causality in physics arises prominently in several circumstances. For relativistic quantum fields, microcausality is the spacelike local commutativity or anticommutativity of fields. A well known example concerning macrocausality is closely related to the Fermi model for propagation of light in quantum electrodynamics [1] . With such a model Fermi proposes the inspection of the radiative processes of two localized quantum systems interacting with a quantum field. These localized systems consist of two two-level atoms separated by some spatial distance r. In order to address the issue of causality within this context, Fermi discusses the following gedanken experiment. Consider that, at an arbitrary initial time τ 0 , atom 1 is in the excited state, whereas atom 2 is in the ground state, and both are coupled with a quantum field prepared in the Minkowski vacuum state. Under certain approximations, Fermi argues that the probability for the atom 2 to be excited (with the field remaining in the vacuum state) remains zero until a time τ is reached such that τ − τ 0 ≥ r. We remark that this simple model enables one to investigate causality at the microscopic level.
The Fermi's two-atoms system has been discussed in detail in many works [2] [3] [4] [5] [6] [7] . Notwithstanding, the emergence of some questions regarding Fermi's calculation reveals that a more careful consideration of the model could be required. This is important in order to avoid an inaccurate description of the interplay between causal signaling and quantum non-local phenomena. The controversy is justified on the grounds that Fermi's conclusion could be incorrect due to an apparent artificial approximation carried out by him [8] , among other issues [9] . The situation was soon clarified and it was realized that there were no causality problems within the Fermi set up, as long as a proper analysis is undertaken. See for instance Refs. [10] [11] [12] [13] . For more recent discussions and new trends concerning the Fermi problem, we refer the reader the Refs. [14] [15] [16] [17] [18] [19] [20] .
On the other hand, since the concept of causality is intimately connected with the existence of light cones in the construction of the special relativity, it is not clear how to discuss causality in physical processes when the structure of the light cones is altered. This takes place whenever one allows for the presence of quantum fluctuations of the spacetime. Such quantum effects are expected to arise in any quantum theory of gravity. Hence a comprehensive and thorough account of quantum metric fluctuations would demand a full quantum theory of gravity. Nevertheless, it is still possible to discuss lowenergy quantum gravitational effects within an effectivefield-theory approach [21, 22] . On the other hand, one may resort to simplified models which would reproduce the quantum fluctuations of the light cone [23] [24] [25] [26] [27] [28] [29] .
In this article we propose to investigate how the concept of causality may be disturbed in the presence of light-cone fluctuations. Here we consider that such fluctuations can be treated classically and the effects on the propagation of quantum fields can be described in the context of random differential equations [30, 31] . We remark that the propagation of acoustic excitations in random media can be envisaged as an analog model for quantum gravity effects [32] [33] [34] . In turn, within this scenario one may also depart from the inquiry for analog models of quantum gravity effects and conceive the Fermi problem in a more general context of disordered media. To simplify the calculations we assume the units to be such that = c = k B = 1.
Photodetection and causality in quantum field theory.-Let us discuss the Fermi problem in a perturbative framework. Being more specific, we employ a time-dependent perturbation theory (within the interaction picture) in order to evaluate the associated transition probabilities for a finite time interval [τ 0 , τ ].
For simplicity and without any loss of generality, we consider two identical static qubits interacting with a massless scalar field. Since the trajectories are stationary, the qubits have stationary states with well defined energy levels. We are working in four dimensional Minkowski spacetime. The total Hamiltonian of the system is given by H = H A + H F + H I , where the Hamiltonian of the free atomic system is given by
where σ z j = |e j e j |−|g j g j |, j = 1, 2, |g 1 and |g 2 being the ground states of the atoms isolated from each other, with energies −ω 0 /2, and |e 1 and |e 2 their respective excited states, with energies ω 0 /2. The free Hamiltonian of the massless quantum scalar field is given by
where ω k = |k|. The atom-field interaction Hamiltonian has two local contributions, namely:
where in the interaction picture one has that
being the monopole moment operator of the j-th atom and σ − j = |g j e j | and σ + j = |e j g j |. The time evolution of the system will be described with respect to the proper time τ of the atoms. We assume that λ ≪ 1.
In order to access the modification caused by the fluctuating light cone on transition probabilities, we implement a perturbation calculation similar to the one discussed in Refs. [32] [33] [34] . Let us consider the following random massless scalar Klein-Gordon equation
where ∆ is the three dimensional Laplacian. For µ(r ) we will take a zero-mean Gaussian random function with a correlation function given by
where σ 2 quantifies the intensity of random fluctuations. The symbol ... µ denotes an average over all possible realizations of this random variable. Observe that we assume a time-independent random function. Hence, the random Klein-Gordon equation can be solved within a perturbation expansion in the noise function. In addition, note that the Eq. (4) is linear in the field variable. This means that the corresponding action of the model is quadratic in the field, resulting in a Gaussian generating functional. Hence all quantum n-point Green's functions of the scalar field can be expressed as products of twopoint Green's functions. This fact shall be explored in what follows.
As discussed above, the Fermi problem consists in the investigation of causality through a detailed analysis of the energy transfer between a pair of qubits. One assumes that, at the initial time τ 0 , the system is in the state |φ i = |e 1 g 2 ⊗ |0 M , where |0 M is the Minkowski vacuum state of the scalar field. Originally, the issue of causality within this setup is examined by setting forth a precise specification of the state of the qubits and also of the quantum scalar field at a later time τ . Notwithstanding, several works have shown the importance of considering more general configurations, see for instance [12, 13, 20] . Hence we will distinguish three possible experimental scenarios in the present survey. The first is similar to the aforementioned circumstance, namely we calculate the probability of finding the system with the atom 2 in the excited state, the atom 1 in its ground state and also the scalar field in the vacuum state |0 µ , at a later time τ . Here |0 µ is not the usual Minkowski state, but rather a modified vacuum state in the presence of disorder (we also take this to be the initial state of the field). In the second version of the problem, the final state of the field is left unspecified: maintaining the same initial conditions, we evaluate the probability of finding the atom 2 in the excited state and the atom 1 in its ground state. Finally, in the third situation only the state of the atom 2 is specified at time τ ; given the same initial conditions, we discuss the transition probability associated with the transition g 2 → e 2 . In this way we intend to provide an answer as complete as possible for the question of how causality (in the precise sense of the Fermi problem) is impacted by (random) light-cone fluctuations in a perturbative framework.
Consider the first situation mentioned above. For a given realization of the disorder, one obtains that the transition probability to the final atom-field state |φ f = |g 1 e 2 ⊗ |0 µ is given by (up to fourth order in λ)
where
|0 µ is the exact Feynman propagator of the scalar field in the presence of disorder, r = |x 1 − x 2 | being the spatial separation between the qubits and T is the Dyson timeordering symbol. The Feynman propagator can be written as the following series:
is the Feynman propagator for the free field [35] 
The modification in the Feynman propagator due to the presence of disorder is systematized in the following term (9) with L 1 (x) being the random differential operator
In Eq. (9), it is to be understood that z n+1 = x ′ and that there is no integration in z n+1 . Details on the derivations of the above expressions can be found in Ref. [33] . Now consider the second foregoing case. Up to fourth order in λ and for a given realization of the disorder, the transition probability to the final atom-field state |ψ f = |g 1 e 2 ⊗ |F µ , where |F µ is a given final state for the scalar field, reads
where completeness relation for the field states was employed. Actually, strictly speaking Eq. (11) describes the transition probability of the atomic system to the state |g 1 e 2 , that is the whole system in any state of the form |ψ f ; this is given by a sum over the probabilities for a complete set of field states |F µ which is (11) . In addition, notice that the first term inside the brackets produces the same result as in the prior case. Hence when the final state of the quantum field is left unspecified, the transition probability acquires new terms in addition to the precedent contribution. In the Eq.
is the exact positivefrequency Wightman function. Since this satisfies the homogeneous wave equation, one could implement a perturbative expansion in the noise field similar to the series expansion derived for the Feynman propagator. One finds
is the usual positive-frequency Wightman function for the free scalar field: (13) and G ret (x − z 1 ) is the retarded Green's function associated with the free Klein-Gordon equation. In addition, the contributions from random fluctuations are encoded in the quantity
with L 1 (x) being the random differential operator defined in Eq. (10) .
Finally, in the third and last situation, we wish to calculate the transition probability to the final atom-field state |Φ f = |Se 2 ⊗ |F µ , where |F µ is as above and |S is any given state of the atom 1. That is, the probability to find the atom 2 in the state |e 2 , in other words the whole system in any state of the form |Φ f . This is obtained by a double sum over the probabilities for a complete set of field states |F µ and for a complete set of atomic states |S of atom 1. Up to fourth order in λ and for a given realization of the disorder, one has that
In order to obtain such results, we used the completeness relation for the atomic and the field states. In Eq. (15), P(µ) is given by
. (17) whereas P φi→ψ f (µ) is given by Eq. (11). The rindependent terms in Eq. (15) describe the contributions to the transition probability that arise from the interaction of each atom with the field vacuum alone. Concerning our current analysis of causality effects, the relevant terms that actually comprise the description of the impact of atom 1 on atom 2 are given by all r-dependent terms in the Eqs. (11) and (16) . These are the terms that we will duly consider in the present investigations. A discussion on which terms are relevant in order to assess the impact of atom 1 on atom 2 can also be found in Refs. [13, 18, 36] . These last results lead to the following conclusion. Suppose the existence of terms in the transition probability with ∆τ = τ − τ 0 < r, where ∆τ is the observational time interval. This signalises an explicit violation of causality. Yet, whenever the Wightman function is of the form
and the portion of the Feynman propagator that generates acausal effects (as discussed in the next section) is also of a similar form, namely
the noncausal terms cancel each other in Eq. (15) and the result is strictly causal (for ∆τ < r the limit ǫ → 0 can be taken directly in the Wightman function). In Eqs. (18) and (19) n is a non-negative integer and f (t − t ′ , r) is an even function of t − t ′ . Unperturbed contributions.-Let us first discuss the terms that would arise even in the absence of random fluctuations of the light cone. Consider the situation in which the final state of the system is given by |φ f . Introducing the variables ξ = τ ′ − τ ′′ and η = τ ′ + τ ′′ , expression (6) becomes
where G 0 (t − t ′ ; r) is given by Eq. (8). When one inserts the expression for the free Feynman propagator in Eq. (20) , one gets two contributions for each of the double time integrals. The contribution related with the Dirac delta function will produce a Heaviside theta function θ(−r + ∆τ ). This term is in accordance with the definition of causality given by Ref. [37] . On the other hand, the other contribution yields a finite term for ∆τ < r. The latter is a function proportional to 1/(ω 2 0 r 2 ) [in fact, one can show that it is a combination of the trigonometric integrals Ci(ω 0 r), Si(ω 0 r) and trigonometric functions cos(ω 0 r), sin(ω 0 r) times 1/(ω 2 0 r
2 )]. As previously outlined, this outcome has been discussed in the literature in many papers: The dispute is on the causal behavior of the transition probability. However, as argued by Pauli, Stueckelberg and others [37, 38] , the concept of causality in relativistic quantum field theory has meaning only in the wave zone ω 0 r ≫ 1. Hence since the anomalous term mentioned above vanishes in the wave zone, causality as defined above is preserved.
In the second case outlined above, the final state of the system is given by |ψ f , i.e., only the final states of the qubits are specified. Employing the same change of variables as above and after using the usual expression for the free postive-frequency Wightman function G + 0 (t− t ′ ; r), we obtain three kinds of terms. One is identical to the previous result which was discussed above, given by Eq. (20) . The second term in the brackets of Eq. (11) yields a finite contribution for ∆τ < r which is proportional to g(ω 0 , r, ∆t)/(ω 2 0 r 2 ), where g(ω 0 , r, ∆t) can be expressed in terms of trigonometric integrals and trigonometric functions. The last term inside the brackets in Eq. (11) produces a term that reproduces identical outcomes discussed in Ref. [39] . In particular, such a contribution does not depend on r and hence it does not play a part in the analysis of the influence of atom 1 upon the radiative processes of atom 2. In conclusion, one says that within this setting causality is preserved in the process of energy transfer between the atoms, as prescribed above (i.e., only in the wave zone).
Finally, let us discuss the situation in which only the final state of the atom 2 is specified. The insertion of the free Green's functions of our problem in Eq. (15) yields three terms, two of which have the same form and behavior as the previous case. The last term is related with the contribution ∆P(µ). Since conditions (18) and (19) are met by the Wightman function and the Feynman propagator of the free scalar field, one can easily see that noncausal terms are found to cancel each other and as such the transition probability is strictly causal when the measurement is inclusive, recovering the results of Ref. [12] .
Light-cone fluctuations and causality.-Following the aforementioned discussion, the purpose of this work is to discuss the notion of causality in disordered media in the framework of the well known Fermi's problem of twoqubits system. Here we consider all terms up to second order in µ in the perturbative series for the Feynman propagator and the Wightman function. In addition, we keep terms up to order σ 2 in all of our calculations after considering the random averages.
Consider the transition to the final state |φ f . After performing the averages over the noise function, one obtains the following probability,
The function I(∆t, |∆x|) (or rather its "finite-time Fourier transform") is the basic quantity which ultimately accounts for possible causality-violation effects. It is given by
with ∆t = t − t ′ , ∆x = x − x ′ and
(23) The first term in the brackets is simply the contribution discussed above. The double time integrals of I (which are just the leading-order disorder correction to the transition amplitudes) produce a finite term for ∆τ < r which does not vanish in the wave zone ω 0 r ≫ 1:
This result clearly shows a violation of causality even within the wavezone. One possible interpretation is that the arguments previously invoked on the definition of causality simply do not apply in the presence of light-cone fluctuations. However by considering transition probabilities instead of transition amplitudes, one notices that I φi→φ f gets multiplied by a term coming from G 0 that vanishes in the wave zone. Hence causality as perceived by Pauli and Stueckelberg is preserved as long as one only considers the transition probabilities. Concerning the transition to the final state |ψ f , one finds, after performing the random averages
The zeroth-order contributions in the noise field and the terms related with the function I(t−t ′ ; r) have been examined above. On the other hand, a straightforward analysis unveils that the double time integrals over the function I + (t−t ′ ; r) vanish for ∆τ < r. In turn, the last terms inside the brackets of Eq. (25) do not depend on the distance between the qubits. Hence causality is preserved for this transition in the presence of weak disorder, but only in the wave zone.
The last situation that we study in this work considers the transition to the final state |Φ f . After performing the random averages, one obtains
As previously discussed, we are considering only the rdependent terms from the above equation, since these are precisely the contributions that represent the impact of atom 1 on atom 2 with respect to the causality effects addressed in this work.
The first term of Eq. (26) is r-independent whereas the second term arises in the transition probability to the final state |ψ f . The contribution coming from ∆P(µ) µ is more involved. It is given by quadruple time integrals of terms such as
. Such integrals engender cumbersome expressions which are hard to grasp in a simple way. However, the analysis of causality follows almost straightforward from the arguments presented above. It is easy to see that the function I(t− t ′ ; r) does not satisfy the conditions (18) and (19) . Hence in the presence of disorder the probability is not strictly causal when the measurement is inclusive. Notwithstanding, such integrals will produce contributions that are proportional to h(ω 0 , r, ∆t)/(ω m 0 r m ), where m is a positive integer and, similar to the previous cases, h(ω 0 , r, ∆t) can be written in terms of trigonometric integrals and trigonometric functions. Such contributions are suppressed by powers of ω 0 r. Hence, if one insists in maintaining causality, one must make use of the arguments of Pauli and Stueckelberg and consider the limit ω 0 r ≫ 1. In this way, the terms for ∆τ < r vanish and causality is restored.
Conclusions.-There is a contentious discussion on the causal behavior regarding the radiative processes involving two identical qubits coupled with a quantum field. In this article we proposed to study the issue of the macrocausality for the case in which we allow for random fluctuations of the light cones. We have considered three distinct configurations, each of which portraying a different specification of the system at the time of measurement. In the case of a Minkowski spacetime with fixed light cones, we recovered the usual result that states that the macrocausality is maintained, at least up to fourth-order in time-dependent perturbation theory. In particular, when the final measurement is exclusively made on the atom 2, we found that the energy transfer between the atoms is exactly causal, that is, the transition probability does not comprise terms with ∆τ < r. In fact Ref. [13] demonstrates that this result holds to all orders in perturbation theory. On the other hand, when one considers the system in a disordered environment, one finds that causality has a well-defined meaning solely in the wave zone, in all the situations studied above. In other words, by using the reasoning developed by Pauli the usual concept of causality in the presence of random fluctuations of the light cone makes sense only when ω 0 r ≫ 1, in the limit of weak disorder. We conjecture that this outcome can be extended to all orders in perturbation theory.
The typical distance r 0 outside of the wave zone within which the violation of causality can be strongly upheld may be estimated with the following argument. For situations such that σ 2 ω 3 0 ≈ ω 0 r 0 , one finds that r 0 ≈ σ 2 ω 2 0 . This gives a relation between r 0 and the intensity of random fluctuations for a given atomic energy gap. For distances such that ω 0 r ≫ ω 0 r 0 , the disorder effects are weak and a perturbative series expansion in µ is thus warrant; nonetheless violation of causality is at any rate verified. In the wave zone ω 0 r ≫ 1, random fluctuations become negligible and hence causality is retrieved.
In the context of the present investigations, one could argue that the violation of strict causality is connected with the unbounded nature of the Gaussian noise employed here. Indeed, it has been shown that domains in which 1 + µ(r) < 0 lead to unstable wave modes and consenquently the emergence of sharply growing contributions to the density of states at high frequencies [40] . This in turn could be interpreted as an indication that Gaussian noise (or more generally unbounded distributions) could blur the usual notion of causality. However, the conservation of causality in the wave zone could be an indication that the Pauli-Jordan function (which is the commutator of two scalar field operators) may still have a causal support, at least in a broader sense. On the other hand, as discussed in the text the violation of strict causality is connected with the parity behavior of the Wightman function and the Feynman propagator as functions of ∆τ for ∆τ < r. Inspection of the perturbative expansion for both of these Green's functions and simple use of Fourier transforms show that there is a strong evidence that a delta-correlated disorder in both space and time could drastically alter the conclusions of this work. Namely, in this case we expect such Green's functions with uncorrelated random fluctuations in space-time to comply with the conditions (18) and (19) and in this way strict causality could be warranted when the measurement is inclusive.
The discussion of the latter paragraph implies that violation of strict causality in our study might be restricted to the class of uncorrelated noises in space. More general situations, still within unbounded distributions, produce distinct upshots. In turn, it is not clear a priori how bounded fluctutations of the light cone could lead to similar violations of causality. It is known that the smearing of the light cone modifies virtual processes; since wavezone effects are manifestations of real photons whereas near-field processes are a result of a collection of real and virtual photons effects, one could expect substantial changes in the orthodox picture. This is an important question but lies outside of the scope of the present work. This issue will be reserved for future publications.
An invaluable extension of our results would be to ascertain the above conclusions for the case of quantum fluctuations of the light cone. It would be of particular interest to confront the conclusions and interpretations in both situations. An akin situation would be to consider the role of a spacetime foam in the radiative processes of the Fermi two-atoms problem [41] . It is known that restrictions on the measurability of spacetime distances seem to emerge quite naturally in a framework which properly takes into account both quantum mechanical and general-relativistic effects [42] . This is expected to modify our current understanding on the concept of causality within Fermi's set up. Such subjects are under investigation by the authors.
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